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A Bp K 4

TRy
frequency response
AEY»XARJIBIBAREE

frequency response for a rational system function
e 1 %7 JE S AR A 4 & 6 ) Bt

relationship between magnitude and phase

A A B

all-pass system

RN LN

minimum-phase system

— AL AR AL A 4L

linear phase and generalized linear phase
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BPEIEBF & A 4 linear time-invariant system LTI
T B AEac By M A %

x[n] — [ T]— yln]

o R
T{aixi[n] + axxa[n]} = avyi[n] + azy»[n],

T BB o R

T{x[n— ng]} = y[n — n4).

o A
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LTI =48
Q &7 B AT B By IR L R AT 4 R R B AEAR o
QO HRMALFKE

h[n] =0, for n < 0.

Q R ALMKE

> " |A[n]| < co.
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LTI A& #.& 7% representations of LTI systems
O A M A B 3K [

y[n] = h[n] * x[n].
Q AHAMEER AR H()

Y(e¥) = H(e*) X(e™).
Q z EHARBAK H(2)
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LSBT AR B ARIE 8 1R A

Y (&) = H(e*) X(e).
H IR ta fiAa 1z B 44 95 A
Y ()] = [H(e™)] 1X ()],

7N

LY (&%) = ZH(e) + £X ().

o |H(e™)| 4B ki B & 3 3E & o
o LH(e) #% B Aats B & X ARALAS o
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Example (24 BF2E ideal delay)
LRGN E N WAL

hig[n] = 0[n — ng].

|[Ha(e™) =1,
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Example (32 284&38 J& 7 2 ideal low pass filter)
IR TR L B A AR A

; 1, |w| < we,
(o) 2 0 ]
0, we<|wl<m,
A I w. BBIEA R (cutoff frequency) o MkfEr 5 J& & # &

holn] = — / " Hio(e) e du

2m J_,
sinwen

™n
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Hip(e) = 1 — Hip(e)

IDTFT sinwen

uplin] = 8] — hio[n] = o]

m™n
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WK AFAER group delay
LTI A& HAFERE KB

) d ,
grdH(e™) £ o e H(e'*),

£ arg H(e/) Bik#4a4L (continuous phase) o i 4f A8 4% A48 4
ZH(ev) g Bl 1% 5

arg H(e™) = ZH(e™) + 2rk, k€ Z.
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MEEFEXR
bl

s[n] cos(won) B BB ARIR o £ wy Mk

arg H(&) & o + o arg H(e) .,
= —¢p—w grdH(e"”)|wO

= —¢9 —wny, Wwhere n4 = grdH(ejw)’wv

/@wg‘ ¢0 2 q"f%l'

|H(e/«0)|s[n] cos(won)\

s[n] cos(won) |H(eij)|
|H(e/*0)|s[n] cos(won) 5[n_nd] |H(efwo)|s[n—nd]cos(wo(n—nd))\

ALFE R R A CLEE 4R s[n] R T ny o
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A AL & %X rational system function
REFHRBES T

Z ary[n— k] = Z byx[n — K].

Yz 3 TSN Jaz kY (2) = S bz K X(2) » A A&
£ BBy
o K
bz
YE) _

X(z) ~

H(z) = = —
Z aszk
k=0

HMEAERENAGRHE -
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# B #1225 pole and zero

A IEAL Z B R BAL T LR T R

fﬁ( iz )

k=1

A F
Q (1-—cz?) BBREEN z=¢ BB  z2=0
Q (1—dzt) BMEBA z2=d, > BBEH z2=0
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J 8 B AR

B2 H(z)» REHIEN LTI A& -

WK B 3 0 SR 4%

B H(z) RokikT G > LA RMAEH o
Q R AL PUKAE MDA I RAR o
0 BRMAL  KMBERLAAIENE oo o
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Example

# & LCCDE

yln] — gy[n — 1]+ y[n — 2] = x[n].

A B R BE .
H(z) = ,
&) = o a =2
15 25 B .
d > dy =2

HEMMERE |2 >2°2> |2z > 3~ AR |2| < 3 HFHTF
LTI & & o
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i A B inverse systems

W ARZ AR KA

Q HFEAFEXE
hi[n] % h[n] = h[n] * h;[n] = S[n].
Q REALZYKSERLIBA LE o
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A G R
M
b H (1 — cszl)
H(z) = (a—o) =
71— dzY)
k=1
AR

(1 = dszl)

~_
= E:]Z

F|&

) = 5 (

(1 — CkZ_l)

>
Il
—

H(z) & Hi(z) X#Limgs R o
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1—0.5z1
H(z) = ——==—  ROC: |z| > 0.9.
(2) =100, 2]
YISV ELY
1- 0.9z
Hi(z) = L2092
(2) = T o5,

BT Hz) RBERA ZE  Hi(z) KR ERLE B
|z| >0.5°
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z71-05
H(z) = 759,11 ROC: |2/ >09.

AR AR ARE

z71-05  1-—2z1
| >2 8 |z| <2 48 |2 > 09 AR o MBAREE AL o

1-09z! —24+18z7°
Hi(z) = z + 1.8z
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22 A& partial fraction expansion

R —EI A ARG RK

I
—
N
N—r
I
7N

&|&

N—

—z|l 2=

x
Il
-

T VAE &,
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# IR D8 28 J& infinite impulse response

FEBLE AAQ h[n] FAREKE > A £RIEEE ALK -

| A

Example
FREES TR
y[n] — ay[n — 1] = x[n]

Hz) ==

# B BARMERG B

h[n] = a"uln].

Chia-Ping Chen LTI A%



# R kA8 4 & finite impulse response FIR
N =0 8 &% H 85

Pk A7 4

E\w

PE i

M
b,, 0<n<M
m4:§:mﬂn_u:{ 0 ="
k=0

»

0, otherwise

B A TR M8 4 S AR
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AB AR .
H(z) = Z akz 7k
k=0

$E 09 AT 4 R BB
M
hln] =~ a*6[n — K].
k=0
s A 47T ¥4 LCCDE #it

y[n] = Z a*x[n — k].
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JA B frequency response

HEAZRBZABE LTI 24 BRERE

g

Z by e

k=

> age vk

=0

=
o

H(ejw) = H(Z)|z=efw =

x

VAR BE AR EE & R B R

LTI A%
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M .
oy LI = e

|H (EJ‘”)!— ,\,1
IT 11— die«|

k=1

X
p;

2 B decibel
¥ 5T Ay A&T (dB)

gain in dB £ 10log,, |H(e*)|* = 20log,, |H(e)].

FiH AL EY B EE

bo
20logyo |— . 220 logo |1 — cke™ | — 220 logyo |1 — die ™.
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N
ZH(ejw = ( ) ZZ 1_ cre JW Zé(l _ dkefjw)_
k=1

W AFIEE group delay

grdH(e/*) £ L H(e*)

B PR B S B AR~ IR AFAE A 6 A RN 0 AT IRARR o
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B 5 3174 0k B 3E & 69 A X contribution by a pole to the group delay
1B d = reff o

{argl — =) [tan—l —fs”‘(e—w))]/

1—rcos(f —w

_ 1 [ —rsin(6 — w) ]/
= - 5 — -
1+ [ —rsin(0—w) i| 1 rcos(0 w)

1—rcos(f—w)
_ [—rsin(d — w)]'[1 — rcos(§ — w)] — [—rsin(§ — w)][1 — rcos(d — w)]’
<1 + [%} ) [1 — rcos(f — w)]?
_ [rcos(6 — w)][1 — rcos(f — w)] — [—rsin(0 — w)][—rsin(d — w)]
[1— rcos(8 —w)]? + [—rsin(d — w)]?

_ —r’4rcos(—w)  —|d* + Re{de™ ¥}
© 1+4r2—2rcos(d —w) 1+ |d|>—2 Re{de=iv}"
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KB 417438 5 89 B K contribution by a zero to the gain

ERAZABRZBY) TH—A (1—cz ) HF c=refl o 3 5H
F7 A

I1—ce )P =|1—refe | = (1 - rele ) (1 - red’e¥)
=1+r"— 2rcos(w —0).

BARBEE =0 BAREK Ew=0+1 BRF °

Example
¥ r=09° RRHHEZ B 1A

20log;o(1 — 0.9) = —20.
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RIS H 7484289 B R contribution by a zero to the phase

L[1—re?e ] =tan”! { rsin(w — 6) } _

1 — rcos(w —6)

R IEH 7 I AR 2L R 69 B R contribution by a zero to the group delay

2
9 —iw1  I*—rcos(w—0)
grd [1 - refe] = 1+r2—2rcos(w—0)
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A #33F system design
BT RCER |H(ev)| » A4l F Rt 3kt A% H(z2)

$H 81 23 auxiliary function

FACE e b ok (9
- - - 1
H()E = HE)H () = HEH ()| = C@lln

*
= z=elw

¥ C(2) £ H(z) H* (L) #ARBI 2% -
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A 3 A YR BT

IMI (1—cz™?)
H(z) = (:Z) 1%(1 ] dkz—l).

Bz K395 ~ Bl AlE H(z) B9 0 B

*

ﬁ(l — i z¥)
fﬁ(ﬁﬁzz(%) ?{a_;;; =

LTI A4




FIT VASH B &% 3R

C(z) 94525 R AT HE (d, (d)7Y)

(1—czt)(1-cz)

(1—dez7H)(1 - d;fz).

g conjugation —Af reciprocal _ 1 .
di = ref® ZEETL g — e EDE, (gr)l= el
r

C(z) ¥R TR EHE (¢, (7)) °
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R AMARAL A B A& B minimum-phase systems

BT |H(eW)| 2K > AT R H(ev) » & & E—ff ko &l
AL R G0 H AR R @A T
Q Az B [H(e)|? Ty v 53] C(2) °
Q H# C(z) mBMEAI R MH » — BB H(z) > A — BB
b () -
Q SARABIAETHAEARM - Fuk > FALE X 69E RS 7
H(z) °
QO AHAKABTHAERARMN - Rt BLEAGEEE
H(z) °

Chia-Ping Chen LTI 2%



Example (5.12)
Given C(z) (from |H(e™)]|), we want to decide H(z).

@ The poles are in conjugate reciprocal pairs (P1, Py), (P2, Ps),
and (P3, Ps). The zeros are in conjugate reciprocal pairs
(Z1,2Z4), (£, Zs), and (Z3, Zs).

o If the system is causal and stable, the poles of H(z) must be
P]_, P27 P3

@ The zeros can be similarly decided.
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Q IR B s B4 o
Q BLEMERNRM—B4LERE

la| < 1.

NS
%
¥
(=
TR

i e v — a*
Hop(€) 2 Hup(2)], v =

z=el¥ 1 — ge—Jw’
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Q RMWBENEE
, e v — 3 |1 — afe
H.p(€)| = = le || —=—| =
‘ 2 )‘ 1 — ge | | 1— ge v
Q ML EEA
Ciw 1— rej(‘-‘-’fe) » e— _ 5
4 e J ]__re_.l(w_e)) 4 e = +4(1 0)) 4(17 re J(wie))
o 1 [ rsin(w—20)
= W 2tan {l—rcos(w—ﬁ)}
Q KA ERA
e el i
grd — | = —
1 — reife—iw |1 — reffe—iv|?
AR R R A RSB LR RA Q-
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A
TG ERAR LA AL AL REE

Hap(2) Aﬁ 2 —de 77 (2 ez e
T A de T (e Y - gz )

BRI (di, d) BEBRERE  REARH (e, ) HAE
B ((e) 7t (e)h) AEE
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FE PR R AR AR EEAML arg Hp(e®) EO<w< T
EMEIEA o

Al ABAE w =0 KRt

; el d T (1- €)1 e
arg H,,(€°) = arg (A,[[ll_dk Egl_ekggl—e;;> = 0.

The group delay is the sum of the group delays of first-order all-pass
systems, which are positive if the all-pass system is causal and stable.
As a result, the slope of the continuous phase is negative, meaning
that arg H.,(e/) cannot be positive.
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KB 69 R 4T reflection of a zero
Suppose all poles and zeros of H(z) are inside the unit circle except

for one zero, say at zy =
follows:

|c| < 1. H(z) can be expressed as

H(z) = ch(_:)( )
— H(2)(z ! = ¢ < ;j)

_ [z t—c

= [Hi(2)(1 — cz7)] (1_—C2_1)
The difference between H(z) = Hi(z)(z™* — ¢*) and Hi(z)(1 — cz7?)
is that a zero of H(z) at zp = %, |c| < 1 outside the unit circle is
moved to a zero of Hy(z)(1 — cz™!) at z, = c inside the unit circle.
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TN CEET ey
Note that H;(z)(1 — cz™*) is minimum-phase since
@ all poles and zeros of H;(z) are inside the unit circle, and

o there is one more zero at z; = ¢ for H;(z)(1 — cz™1).

A Bk B o iR
Q By reflecting the zeros outside the unit circle one by one, we
move all zeros inside the unit circle.
@ The entire sequence of moving the zeros is equivalent to a
causal and stable all-pass system H,,(z).

Thus, for any causal and stable system with rational system function,
the system function can be expressed as

H(z) = Huin(2)Hap(2).
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Consider the rational system function

1+3z71
Hz) = 2
1 + 5271
We want to move the zero zy = —3 inside the unit circle, with
*\—1 / l
zp=(c")"=-3 = ZH=c=-—3.
z7lc* =

Introducing the all-pass system H.,(z) = $=25 = {71, we have
3

H(z) = 3 (1 i %2_1) ( 245 ) — Hyin(2) Hao(2):

143271 1+ 3271

Chia-Ping Chen LTI 2%



Example (second-order case)

Consider the system function

(1+ %ej"/“z_l)(l + %e‘j”/4z_1)

g |
1 Z

H(z) =

The zeros outside the unit circle are

ZO,:I::_:
ci 2

1 _ 3 s

We want to move them inside the unit circle to

2 .
r . +jm/4
ZO7:|: e C:t - __e .
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Example (continue)

Introducing the all-pass system

=1l * -1 *
V4 —C+ V4 — C_

Hap(z)

1 ozl 1—cz!
(z71+ %e—jn/4)(z—1 + %eﬁr/4)
(1+ 2e/m/4z-1)(1 + 2e~m/4z 1)’

we have

H(2) =,

(1+ %ejw/4z—1)(1 + %e—jw/4z—1)
1—3z71
(2—1 + %e—jW/4)(Z—1 + %ejw/4)
(1+ 2e/m/4z71)(1 + 2e~im/4z71)
= Hunin(2) Hap(2).
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R K AR L 3% ] R AR 3E 3B M maximum-phase and minimum

group-delay properties
The minimum-phase system Hpin(z) has the maximum phase and the
minimum group delay among all causal and stable systems with the

same magnitude response.

A causal and stable system with rational function can be expressed as

H(z) = Humin(2)Hap(2).
The corresponding phase and group-delay relations are

arg H(e/*) = arg Huin (/) + arg Hyp(e/*),
grd[H(e)] = grd[Hmin(e")] + grd[Hap(e™)].

A stable and causal all-pass system has a positive group delay and a

Chia-Ping Chen LTI 2%



BPEARAL 2 & linear phase system
Consider an LTI system with the following frequency response

H(e™) = e |w| <.
This system has a linear phase, and constant group delay
|H(e™)| =1, ZH(¥) = —wa, grd[H(e™)] = a.
It corresponds to an ideal delay

y[n] = x(nT —aT).
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— kAL & AR AL generalized linear phase
— AR AL &R P AR A A BB R B VLT A

H(e®) = A(e) eTuetit,
£P 0, f ERH - A”) BERH - REHEER 5

H(e*) = A(e™) e watiP
= A(€¥) cos(8 — wa) + jA(e*) sin(B — wa).
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H(e¥) = Z h[n]e " = Z h[n] coswn —jz h[n] sinwn.

AR - |
(=) ;h[n]smwn

cos(B — wa) _; h[n] coswn

e

Z h[n][cos(B — wa) sinwn + sin(f — wa) coswn] = 0,

A8 g A

> hln]sinfw(n — ) + ] =0, Vw.




S AR AT B PR AT TR ARAST R R 8 A 4
R SRt AT TR RS 48 JE 2 B A& 0T A& T R

hna 0 S n S /\/’7
h[n] = .
0, otherwise.

VAT 4 fEBBiiE i o
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5 1 AL 2 & Type | linear-phase system
B 1 st AR AL R SR AR B AT B R B 3

hn:hl\/lfna OSI’ISM,

B M A

5 2 AL 2 & Type |l linear-phase system
Fr 2 FABMEARAL A B IR A A 00 kAR 4 TR 52 B

hn:h/\/l—n7 OSHSI\/L

2 M B e
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Type |. Let M = 2a..

M
H(e) = hlnle 7"
n=0
middle term

1 M ] —_—
h[n]le™“" + hla]e™*¢

Il
EQ

h[a _ k]e—jw(a—k) + h[a + k]e—jw(a+k)) + h[a]e—jwa
= hak (efjw(afk) n efjw(cwk)) T hye e

o
— Z ha_kefjwoz (ejwk + efjwk) + haefjwa

Za[k] coswk) e 3[0] £ hy, alk] £ 2ha_ k.
k=0
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Type Il. Let M = 2a.

M=2«a

H(ejw): Z h[n]efjwn

a—1/2 .
(Z 1F Z )h[n]ef‘“”

n=a+1/2
a+1/2 1 1 ' .
= Z (h |:Oz + 5 — k:| _J“’(O‘Jr*—k) +h |:a _ 5 4 k:| e—jw(a—§+k))
k=1
a+1/2
- Z ha+%7k (e*Jw(CH“%*k) 4 e—Jw(a—%H))
a+1/2

= Z ha_,_%_ke*j“a (e’“’ (k— + e Jwlk—3 ))

a+1/2

j 1
— o jwa 4
e kE:I 2ha+%7kcos [w (k 2)}

(a:211/2 b[k] cos [w (k = ;)D e dwe plk] & 2hop1
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5 3 FB AL 2 & Type Il linear-phase system
% 3 AL R BUR ROEAE 0 MR AET B R R B

hn:_thn; OSHSM,

B M A

7 4 FAKPEARAL A B Type IV linear-phase system
Fo 4 FABRIEARAL R T A ROEAR 0 WA IR % 3

hn:_hM_n, OSFISM,

2 M B e
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Type lll. Let M = 2a.

M=2c

H(e*) = Z h[n]e—«n

n=0
a—1 M
(Z + ) hlne <"
=0  n=a+l

(h[a — k]e*jw(afk) + R[o + k]e—jw(a+k)>

ok (eﬂ-w(a,k) _ e*jw(a+k)>

Il
Me 10 10 ¢

haike—jwa (ejwk _ e_jwk)

>
|
-

= jeJwe (Z c[k] sin wk)

k=1

=J (Z c[k] sinwk) e % clk] £ 2ha k.

k=1
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Type IV. Let M = 2a.

M=2«a

H(efw): Z h[n]e—jwn

a—1/2 ‘
(Z + Z )h[n]ewn

n=a+1/2
a+1/2

Z (h [a + % — k} —jw(a+3—k) +h |:o¢ — % 4L k} e—jw(a—%+k))

k=1
a+1/2

i 1 . 1
E h, .1 e Jwlats; —k) _ g—jw(a—3+k)
at+s—k
k=1 2 ( )

a+1/2

= Z ha+%_ke*j“’°‘ (ejw(k—%) _ e*j“(k*% )
k=1

a+1/2

- —jwa ) 1
=je! kz;: 2ha+%7ksm [w (kfi)}
a+1/2 1
-’ ( 2 dlidsi [w (k a 2)]) e v dlk] £ 2h, 1

k=1
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