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DEFINITION (SET AND MEMBER)

m A set is a collection (may be empty) of objects

m An object in a set is called a member or an element of the set

member

!
set — {dog, bear, pig}
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DEFINITION (UNIVERSAL SET AND EMPTY SET)

m A universal set contains all objects of interest

m An empty set does not contain any member

m A universal set is often denoted by 2. For example
02 =1{0,1,2,3,4,5,6,7,8,9}

if we are discussing random outcome of a digit.

m We denote an empty set by (). That is

0={}
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DEFINITION (SUBSET)

Let 7" be a set. A subset of T is formed by member(s) of 7. Note
that, by definition, () is a subset of every set.

Let S be a subset of T'.

m This is denoted by
ScT

m Every member of S is a member of T’
m For example, Q@ = {0,1,2,3,4,5,6,7,8,9} and S = {2,3,5, 7}

ScQ
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SETS IN PROBABILITY THEORY

Many concepts in probability theory are based on sets. In particular
m A sample space is a universal set

m A field is a set of subsets of the sample space with certain
properties

m An event is a member of the field and a subset of the sample
space
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DEFINITION (SET OPERATION)
Let € be a universal set and A, B C Q.

m complement

A={xecQ |z ¢ A}

® union
AUB={z |z € Aorz € B}

m intersection

ANB={z|ze€Aandz € B}

For the above example
S¢=1{0,1,4,6,8,9}

SUS“=0Q
SNSc=0

CHIA-PING CHEN PROBABILITY



Let ) be a universal set and S, T,U C Q.

m commutative law

SNT=TnNnS, SUT=TUS
m associative law
SN(TnNU)=(SNT)nU, SU(TUU)=(SUuT)UU
m distributive law
SN(TuU) = (SNT)U(SNU), SU(TNU) = (SUT)N(SUD)

m identity
SUS“=Q, SNS =0

SUp=S, Snh=0, SUL=Q, SNQ =S
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BOOLEAN ALGEBRA (BIT ALGEBRA)

Note the similarity between set algebra and bit algebra.

Let p, g, be bits (0 and 1).

PAG=qAp, pVqg=qVp
pA(@AT)=(ANg) AT, pV(gVT)=(PVa@) VT
pA(@Vr)=(@Aq)V(pAr), pV(gAT)=[{mVaA(Vr)
pV-p=1pA-p=0
pVO=p, pAN0=0, pvV1=1 pAl=p
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DE MORGAN’S LAW

Let €2 be a universal set and S1, ..., .S, be subsets of €2. Then

() -
(09) -y

=1

m Complement of union is intersection of complements

m Complement of intersection is union of complements
m Base case

(AUB) = A°N B°
(ANB)¢ = A°UB°
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Note

a=1
< x ¢ S; for every i

Sz € Sic for every i

n
@zGﬂSf
i=1
n

n
T € mSi S ¢ ﬂSi

i=1 i=1
& x ¢ S; for some i

@xesf for some 4
n

<:>z€| IS,LC
i=1

A=B & (€ A&z € B)
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DEFINITION (DISJOINT SETS)

m Sets A and B are said to be disjoint if
ANB=10

m A group of sets is said to be disjoint if any pair of sets in the
group are disjoint

v
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DEFINITION (PARTITION OF A SET)

Let T be a set. A partition of 7" is a group of sets such that
m the group is disjoint

m the group union is T’

In the earlier example of digits, is (S, S¢) a partition of Q7

Yes, since we have
SNSe =10

SUS =0
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(a) (b) ()
Q Q Q
|
@ @ @ M U
(d (e) ®

Useful for showing set relations and set operations
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DEFINITION (RANDOM EXPERIMENT)

m A procedure that produces a random outcome

m The stopping criteria and final outcome must be clear )

m Flip a coin 3 times and record the 3-long sequence

m Flip 3 coins and record the number of heads

m Flip a coin until back-to-back heads show up and record the
number of flips

m Draw 3 cards from a deck with replacement and record the 3-
long sequence

m Draw 3 cards from a deck without replacement and record the
3-long sequence

V
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DEFINITION (SAMPLE SPACE)

m A set for the possible outcomes of a random experiment

m Members of a sample space must be exclusive and exhaustive

Consider the random experiment of throwing a dice once.

m If we care about which face comes up, use {1,2,3,4,5,6} as
sample space

m If we only care about whether the outcome is even or odd, use
{even, odd} as sample space

m Both sets are exclusive and exhaustive

CHIA-PING CHEN PROBABILITY



EXAMPLE (1.1 CHOICE OF SAMPLE SPACE)

Consider two games involving n successive coin tosses.
m Game A: We receive $1 each time a head comes up.

m Game B: The reward for the next toss is doubled whenever a
head comes up. Specifically, we receive $1 for each coin toss,
up to and including the first time a head comes up; after the
first head, we receive $2 for each coin toss, up to and including
the second time a head comes up, etc.

Choice of sample space
m Game A: the number of heads (n + 1 members)

m Game B: all length-n binary sequences (2" members)
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DEFINITION (FINITE SET, COUNTABLE SET)

m A set is finite if it has a finite number of members
m Otherwise, it is infinite

m A set is countable if there exists a one-to-one mapping from
this set to (not necessarily onto) the set of natural numbers

m Otherwise, it is uncountable
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SIZE OF SAMPLE SPACE

m A sample space may be finite or infinite

m An infinite sample space may be countable or uncountable

EXAMPLE (SAMPLE SPACE SIZES)

m Flip a coin once
— A sample space is Q; = {H,T'}. It is finite.

m Flip a coin until a head comes up
— A sample space is Q9 = {w1,wa, ...}, where w,, means that
the first head shows up at the nth flip. s is countable.

m Flip a coin forever
— A sample space {23 is the set of infinite sequences of heads
and tails. Q3 is 1-to-1 to the set of real numbers in [0, 1] if we
let bit 1 denote head and bit 0 denote tail. It is uncountable. |
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DEFINITION (PROBABILITY MODEL)

A probability model is a triplet
(2, F, P)

m () is a sample space
m F, called field, is a set of subsets of ()

m P, called probability law, is a mapping from F to [0, 1]

In other words
m () consists of exclusive and exhaustive outcomes
m Every member of F is a subset of (2

m Every member of F is assigned a probability by P
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PROBABILITY MODEL CONSTRUCTION

random experiment: produce random outcome

J
sample space (): exclusive and exhaustive set of outcomes
U
field F: set of subsets of Q)
U
probability law: mapping F to [0, 1]
Probability
Law
N P(B)
| PA)
Sample Space Q
(Set of Outcomes A B

An event is a member of F.
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SEQUENTIAL EXPERIMENT

m A random experiment may be sequential

m Then the sample space may be structured by a tree
m Depth corresponds to stage

Sample Space

Sequential Tree
Pair of Rolls Description
1,1
4 1L 2
1,3
1,4
3 2
2nd Roll Root Leaves
20— ¢ o 9
3
1
1 2 3 4 4
1st Roll

CHIA-PING CHEN PROBABILITY



FIELD PROPERTIES

Let (Q, F, P) be a probability model. By definition, F is a set of

subsets of 2. Furthermore

m F contains
QeF

m F is closed with respect to set intersection
(S1e€F)AN(S2 € F) = (S1NSy€F)
m F is closed with respect to set union
(S1€F)N(S2 € F) = (S1USy € F)
m F is closed with respect to set complement

(SeF) = (S°€F)
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Let 2 be a sample space.
The power set of 2 defined by P(2) ={S | S C Q} is a field
For any S C Q, {0, S, 5¢ Q} is a field
What is the smallest field with sample space 27

CHIA-PING CHEN PROBABILITY



Let (92, F, P) be a probability model. Every member of F is called
an event of the model.

For example, for the field 7 = {(), S, S¢,Q}, the events are

0, S, S Q
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PROBABILITY LAW
Let (Q2, F, P) be a probability model.
m P maps F to [0,1]

P:F — [0,1]
m That is, for every event A € F, we have

0< P(A) <1

m P(A) is called the probability of A
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PROBABILITY AXIOMS

Let (2, F, P) be a probability model. The probability law P must
have the following properties.

B non-negativity
P(A) >0, for any event A € F

m normalization
P(Q)=1

m additivity

P(AUB) = P(A)+ P(B), for any disjoint events A and B )
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UNION PROBABILITY (2 SETS)

Let (2, F, P) be a probability model. For any events A and B we
have
P(AUB)=P(A)+ P(B)— P(ANB)

P(AUB)=P(A)+ P(Bn A
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UNION PROBABILITY (3 SETS)

Let (2, F, P) be a probability model. For any events A, B and C
we have

P(AUBUC)=P(A)+P(B)+ P(C)
— P(ANB)—-P(ANC)—-P(BNCO)
+P(ANnBNCQO)

P(AUBUC) = P(AUB) + P(C) — P(CN (AU B))

= P(AUB) + P(C) — P((C N A)U P(C N B))

= P(AUB)+ P(C)— (P(CNA)+ P(CNB)— P(CNAN B))

= P(A) + P(B) — P(AN B) + P(C) — (P(CNA)+ P(CNB)— P(CNAN B))
= P(A)+ P(B)+ P(C)— P(ANB)— P(ANC) — P(BNC) 4+ P(ANBNC)
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INCLUSION-EXCLUSION PRINCIPLE

Let (Q, F, P) be a probability model. For any events Aj,..., A,,
the probability of set union is related to the probabilities of set
intersection by

P (L’j Ai) ~ 3" P4

n n

-3 ) PAin4y)
i=1j=i+1

>33 3 PAiNA; N Ay)

i=1 j=1+1 k=j+1

4ot (_1)n+1P (ﬁ Az)

i=1
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The equality holds for the base case n = 2
P(A1 U Az) = P(A1) + P(A2) — P(A1 N A2)
For the induction case, the induction assumption is that the equality holds for n = k

k

P OAi :Zk:P(Ai)_Zk:Zk:P(AimAj)+“‘+(—1)k+1P ﬂAi
i=1

; i=1 j=i+1 i=1

i=
For n = k + 1, we have

k+1 k
P(Ua) =2 ( (U] oaen
k

i=1 i=1

k
—p Ai> + P(Apy1) — P U Ay | N Apy
i=1 i=1
k k
=P Ai) + P(Agy1) — P U(Ai N Agt1)
i=1 i=1
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Using the induction assumption, we re-write the last term

k k
U(Ai NAgy1) | = Z P(A; N Agy1)

i=1 =1
k k k
YN PN Ak 0 Ay 0 A+ DR [0 Ars)
i=1 j=i+41 i=1
k k k k+1
= ZP(Ai N Agt1) — Z Z P(A;NA;j N Apy) +---+ (—D)FLp ﬂ Ay
i=1 i=1 j=i+1 i=1
and get
k+1 k+1 k+1 k+1 k+1
P U ZP(A)szPA NA;) + -+ (-1)*T2p ﬂAi
1=1 i=1 j=i+1 1=1

Thus, the equality holds for n = k + 1 if it holds for n = k.
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DEFINITION (DISCRETE PROBABILITY MODEL)
Let (2, F, P) be a probability model. It is discrete if 2 is countable.

m P is often specified by the probabilities of the members of 2

m For any event A

P(A) =) P(w)

wEA
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DEFINITION (CONTINUOUS PROBABILITY MODEL)

Let (2, F, P) be a probability model. It is continuous if € is un-
countable.

m P is often specified by the probabilities of infinitesimal subsets
of 2

m For an event S € F, partition S to infinitesimal subsets
S = U A;
i

Then
P($) = Y P(A)
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UNIFORM MODEL

Let (2, F, P) be a probability model. It is said to be uniform if P
has no preference to any member of ().

m discrete uniform model
P(A) = u, AeF

m continuous uniform model
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EXAMPLE (1.2 PROBABILITY MODEL)

m Construct a probability model for a single toss of a fair coin

m Construct a few probability models for 3 tosses of a fair coin
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EXAMPLE (1.3 DISCRETE UNIFORM MODEL)

Consider rolling a pair of dice of 4 sides. Assume the dice are fair.
Calculate the probability of the following events.

m The sum of the rolls is even P

m The sum of the rolls is odd 3 Y

m The first equals the second - o ee
m The first > the second " \\ —

m At least one roll is 4 ot b

Probability = 4/16

Q={1,2,3,4} x {1,2,3,4}
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EXAMPLE (1.4 CONTINUOUS UNIFORM MODEL)

A wheel of fortune is uniformly calibrated from 0 to 1. The outcome
of a spin is a point in Q = (0, 1).

m What is the probability of a single number?

m What is the probability of an interval (a,b) C Q7
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EXAMPLE (1.5 CONTINUOUS UNIFORM MODEL)

Romeo and Juliet have a date. Each arrives with a delay between 0
and 1 hour, all times of delay being equally likely, and waits for 15
minutes. What is the probability that they meet?

m X,Y: delays of R and J
m Sample space 9 7

Q=10,1] x [0,1]

m Event that they meet

M:{@ﬂﬁ“X—ﬂgi}
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Conditional Probability
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DEFINITION (CONDITIONAL PROBABILITY)

Let (2, F, P) be a probability model and A, B € F be events. The
conditional probability of A given (the occurrence of) B is defined
by

P(ANB)

P(AIB) = —5 5

Implicitly assume B has non-zero probability

Probability is exclusively re-allocated to B

P(B) in denominator re-normalizes probability
Only outcomes in B matter, so P(A|B) « P(AN B)
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DEFINITION (CONDITIONAL PROBABILITY MODEL)

Let (2, F,P) be a probability model and B € F be an event.
Define Pp : F > [0,1] with Pg(S) = P(S|B) for all S € F. Then
(Q, F, Pp) is a probability model.

® non-negativity

P(SNB)
Pp(9) = O
= normalization
Pp(Q) = P(QN B) _ P(B) _

P(B)  P(B)

m  additivity

P((51US2)N B
S1nSs =0 = Pg(S1USy) = L51Y52)NE)

P(B)
P((S1 N B)U(S2nN B))

- P(B)
P(S1 N B) P(S2 N B) P(S1NS2NB)

) P(B) P(B)
P(S1 N B) P(S2 N B)

) P(B)

= Pp(S1) + Pp(S2)
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CONDITIONAL PROBABILITY OF UNION AND INTERSECTION

P(ANB|C) = P(A|BNC)P(B|C)
P(AUB|C) = P(A|C) + P(B|C) — P(An B|C)

P(ANBNO)
P(ANB|C) = 50
_P(ANBNC)P(BNC)
P(BNC) P(C)
= P(A|Bn C)P(B|C)
P(AU B|C) = %
_P((ANC)U(BNC)
B P(C)
P(ANC)+P(BNC)—-P(ANBNCQO)

P(C)
= P(A|C) 4+ P(B|C) — P(AN B|C)
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EXAMPLE (1.6 CONDITIONAL PROBABILITY)

Toss a fair coin three times. Define events

A
B

{more heads than tails come up}
{1st toss is a head}

Compute P(A|B).

Q={HT}x {HT}x {HT}
A={HHH,HHT,HTH,THH}
B={HHH ,HHT,HTH,HTT}
ANB={HHH HHT,HTH}
P(ANB)

PAIB) = =55 =

oohp‘oo\w
=~ W
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EXAMPLE (1.7 CONDITIONAL PROBABILITY)

A fair four-face dice is rolled twice,

All Outcomes Equally Likely

with outcomes X and Y. Define ) Probabilty = 1/16
A, = {max(X,Y) =m} s
2nd Roll Y
B ={min(X,Y) =2} 2 "
Compute P(A;,|B), m =1,2,3,4. " P ismax

={(z1,22) | 212 =1,2,3,4}
{1, 1)} A2 ={(1,2),(2,2),(2,1)},...
{(2,2),(2,3),(2,4),(3,2), (4,2)}
0,AonB={(2,2)},A2Nn B ={(3,2),(2,3)},...
P(A,,NB)

P(B)

AlﬂB

P(Am|B) =
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EXAMPLE (1.8 CONDITIONAL PROBABILITY )

A conservative team and an innovative team are asked to design a
new product within a month. Based on past experience

m the conservative team is successful with probability 2/3
m the innovative team is successful with probability 1/2
m at least one team is successful with probability 3/4

Given that exactly one team is successful, what is the probability
that it is the innovative team?

v

Let A be the event that the conservative team succeeds and B be
the event that the innovative team succeeds. From the problem
statement, we have
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With the help of Venn diagram, we have

P(AﬁB):P(A)+P(B)—P(AUB)=%

P(ANB®) = P(A) — P(ANB) =
P(A°NB)=P(B)— P(ANB) =
Thus

P(BN ((ANB% U (AN B)))
P((AN Bc)U (A°n B))
P((BN (AN B)U (BN (A°nN B)))
P(AN B¢) + P(A° N B) — P((AN B¢) N (A¢ N B))
P(A° N B)
P(AN B¢) + P(A¢N B)

P(B| (AN B°) U (A°nN B))

o = =

~ CuaPING CHEN  PROBABILITY

DA 49/102



FACTORIZATION
Let (2, F, P) be a probability model and A, B € F be events. Then

P(AN B) = P(A) P(B|A)

P(AN B) = P(B) P(A|B)

m One event at a time
"A and B occur” = "A occurs” + "B occurs given A occurs”

m Factorization (a.k.a. multiplication rule or chain rule)

Ay, occurs given Aj ... A, _1 occur

P(AlﬂﬂAn):P(Al)H P(Ak|A1ﬂ---ﬂAk_1)
k=2
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JOINT EVENT AS SEQUENCE OF SINGLE EVENTS

m Arrange sequence of events in a tree

m Start from root
m An edge for every possible next event
m Every node corresponds to a joint event

m Probability of an edge: conditional probability
m Probability of a node: joint probability

Event A; NA; NA; Event A; NA; N ..NA,

A SN

P(A;) P(A; 1A,) P(Ay A4 NAy)

P(A,|A; NAy N .0A, )
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EXAMPLE (1.9)

If an aircraft is present in a military zone, a radar detects it and
generates a (true) alarm with probability 0.99. If an aircraft is not
present, the radar generates a (false) alarm with probability 0.10.
Suppose that an aircraft is present with probability 0.05. What is
the probability of no aircraft presence and a (false) alarm? What is
the probability of aircraft presence and no detection, i.e. a miss?

Define
A = {an aircraft is present}

B = {radar generates alarm}

From the problem statement, we have Missed

Detection

P(A) = 0.05, P(B|A) = 0.99, P(B|A®) = 0.1 "0,
By factorization rule

P(BN A% = P(A°)P(B|A°) = 0.95 x 0.1
P(B°N A) = P(A)P(B®|A) = 0.05 x 0.01
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3 cards are drawn from a 52-card deck without replacement. What
is the probability that not a Heart is drawn?

Define A; = {drawn card i is not a Heart}. From the definition, we
have

39 38 37
50

P(Ar) = =2’ P(Az2|Ar) = 51 P(A3]A1 N Ay) =

Define A = {not a Heart is drawn}. Then
A= A1 N Ay N As. By factorization

P(A) = P(Al NAsN Ag)
= P(Al)P(A2|A1)P(A3|A1 N Ag)
39 38 37

~ 5251 50
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Four graduate and 12 undergraduate students are divided into four
groups of four students. What is the probability that every group
includes a graduate student?

Define A; = {graduate students 1,...,4,7 + 1 in different groups}.
From the problem statement, we have

12 8 4
P(A;) = I P(A2|Ay) = (7R P(A3|A2) = 13

Note A3 = {every group includes a graduate student}.
Since A3 = A1 N Ay N A3, we have

Students 1, 2, 3, & 4 arg,
in Different Groups

P(A3) = P(Al N AZ N A3) stq'e'msué&sar:m
in Different Groups,

= P(Al)P(AQ‘Al)P(AE}’AQ N Al) Stdens 1 8 210
_ 12 8 4 12/15

1514 13
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Total Probability Theorem
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TOTAL PROBABILITY THROUGH A PARTITION

Let (Q,F,P) be a probability model, A;...A, be events, and
(A1,...,A,) be a partition of Q2. The for any event B

n

3
=
I
s
L=
3
ol
=
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How TPT WORKS
m Use partition (A, ..., Ay) of Q such that P(A;) and P(B|A4;)
can be decided
m (A1NB,..., A, N B) is a partition of B
m (4 ﬂB) has probability P(A;)P(B|A;)

A Ay NB
A
2 A, NB
B 4
A3 NB
BC
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EXAMPLE (TOTAL PROBABILITY)
You win if the sum of two rolls of a fair six-face dice is more than
9. What is the probability of winning?

Define B = {you win} and A; = {first roll is i}. Using partition
(A1,...,As), we have

)

=

I
M-

.
Il
—

P(A;)P(B|A;)

|
.M"“

.
Il
—

+
[ N

‘@CDMi
O

+
=
O

+
| =
|
(@201 \)

+
|~
| W

O
+
=

w
(@)
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EXAMPLE (1.13 TOTAL PROBABILITY)

In a chess tournament, your probability of winning a game is 0.3
against half the players, 0.4 against a quarter of the players, and 0.5
against the remaining players. You play a game against a randomly
chosen opponent. What is the probability of winning?

Define B = {you win} and A; = {an opponent of type i is chosen}.
Using partition (A7, A, A3), we have

P(B) =Y P(A;NB)

-

@
I
—

P(A;)P(B|A;)

I
.Mw

@
I
—

(0.3) + %(0.4) + %(0.5)

N =
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EXAMPLE (1.14 TOTAL PROBABILITY)

You roll a fair four-face dice. If the result is 1 or 2, you roll once
more, otherwise you stop. What is the probability that the total of
the roll(s) is at least 47

Define B = {total is at least 4} and A; = {first roll is i}. Using
partition (Aj,...,As), we have

P(B) = 24: P(A;N B)
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EXAMPLE (1.15 TOTAL PROBABILITY)

Alice is taking a course. At the end of a week, she is either up-to-
date or behind. If she is up-to-date, she will be up-to-date the next
week with probability 0.8. If she is behind, she will be behind the
next week with probability 0.6. What is the probability that she is
up-to-date after three weeks?

Define
U; = {up-to-date at the end of week i}

B; = {behind at the end of week i}
Note (U;, B;) is a partition of €2 for any 7. Thus
P(Uit1) = P(Uin1|Us) P(Us) + P(Uis1|Bi) P(B;)
= 0.8 P(U;) + 0.4 P(B;)
P(Biy1) = P(Biw1|Ui) P(Ui) + P(Biy1|Bi) P(B;)
= 0.2 P(U;) + 0.6 P(B;)
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TOTAL CONDITIONAL PROBABILITY

Let (2, F, P) be a probability model, (A;,...,A,) be a partition
of 2. Then for any events B and C'

P(B|C) = znj P(4;|C)P(B]A; N C)

P(B|C) = P ((u?;lAi) n B\C)
=P (u;;1 (A; N B) |c)

P (u;}:l (A4, " BN C))
N P(O)

B " P(A;,NBNC)
_Z P(C)

i=1
n

- j : P(A;,NBNC)P(A;NC)
i=1

P(A; N C)P(C)

= Z P(A;|C)P(B|A; N C)
i=1
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Bayes Rule
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BAYES RULE

Let (2, F, P) be a probability model and A, B be events. Then
P(A) and P(A|B) are related by

P(4|B) = D BIDA) (B]Lf?g )

Applying the definition of conditional probability, we get

P(ANB)
P(B)

_ P(BJA)P(A)

- P(B)

P(A|B) =

Let A be hypothesis and B be information (data). P(A) is the prior
probability of A, P(A|B) is the posterior probability of A given B,
P(B|A) is the likelihood of B conditional on A. Bayes rule means

posterior o< prior x likelihood
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BAYES THEOREM

Let (2, F, P) be a probability model and (A, ..., A,) be a partition
of 2. Then for any event B

P(Ax|B) = f(A"“)P(BM’“) . k=1,...,n
Z;l P(A;)P(B|A;)
Plap) = T

S P4, B)
=1

_ P(Ay)P(B|Ay)
; P(A;)P(B|A;)
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CAUSE-EFFECT SCENARIO

Cause 1
Malignant Tumor

Cause 2
Nonmalignant
Tumor

Event B denotes an Effect (Shade Observed)

Event A; denotes Cause i that could lead to the Effect
Without observation, the prior probability of Cause i is P(A;)
After the Effect is observed (B occurs), the probability of Cause

Cause 3
Other

i is updated to P(A;|B) by Bayes rule

A, NB

Ay NB

A3 NB

v
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EXAMPLE (1.12 MONTY HALL PROBLEM )

You are told that a prize is equally likely to be placed behind any
one of three closed doors in front of you. You first choose one of
the doors. The host opens another door for you, after making sure
that the prize is not behind it. At this point, you can stick with your
choice, or switch to the other door. Will you switch?

Define A = {Prize door is chosen} and B = {Empty door is opened}.
By Bayes rule

_ P(A)P(B|A) _ 5l 1

P(A‘B)_ P(A)P(B|A)+P(AC)P(B‘AC) - %.134_%.1 - §
I P(A°)P(B|A) _ 2
PAIB) = B P(BIA) + PLA P(BIAY) 3

Believe it or not, the probability that the prize is behind the other
door is doubled as soon as an empty door is open.
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EXAMPLE (1.16 BAYES)

Refer to Example 1.9. Given that an alarm has been generated by
the radar, what is the probability that an aircraft is present?

Define A = {aircraft is present} and B = {radar generates alarm}.
By Bayes rule

P(A)P(B|A)
P(A)P(B|A) + P(A°)P(B|A°)
(0.05)(0.99)
(0.05)(0.99) + (0.95)(0.1)

P(A|B) =
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EXAMPLE (1.17 BAYES)

Refer to Example 1.13. Given that you have won a game, what is
the probability that the opponent is of type 17

Define A; = {play an opponent of type i} and B = {you win}. By
Bayes rule

> PLA)P(BIA)

3)
4) +

0.
0.

NI
—~

$(0.3) +

( (0.5)

N
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EXAMPLE (1.18 BAYES)

The test result of a certain rare disease is correct 95% of the time.
A person has a probability of 0.001 of having the disease. Given
that a person has just tested positive, what is the probability that
the person actually has the disease?

Define A = {has disease} and B = {test positive}. By Bayes rule

P(A)P(B|A)
P(A)P(B|A) + P(A°)P(B|A®)

(0.001)(0.95)
(0.001)(0.95) + (0.999)(0.05)

P(A|B) =

Here the probability that a person has the disease is still below 5%
after test positive, even the test result is 95% correct.
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EXAMPLE (PROBABILITY IN BRIDGE)

A newbie always leads a Spade. He knows not to lead an honor
if he has a choice. Suppose the declarer has 10-card Spade suit
missing K, 3, 2 and the newbie leads Spade 2 from West. What is
the probability that East has Spade K? Spade 37 (3-0 split is 22%)

Define B = {2 played}, A; = {West has 2}, Ay = {West has 2, 3},
and Az = {West has 2, K}, Ay = {West has 2, 3, K}. By Bayes

e P(A)P(BIAY)

Yioq P(Ai)P(B|A;)
Probability that East has Spade K

_ P(A1)P(B|A1) + P(A2)P(B|Az) 39
PléaU4i]B) = T P(A)PBIA) 76

Probability that East has Spade 3
A1)P(B|Ay) + P(A3)P(B|A3) _ 52

P
PlAru 45/5) = T PA)PBA) 76

P(A|B) =
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Independence

m] = Q> o



DEFINITION (INDEPENDENT EVENTS)

Let (Q2, F, P) be a probability model. Events A, B € F are inde-
pendent if
P(ANB)= P(A)P(B)

Note independence requires A, B to have non-zero probabilities.

Independence is denoted by

ALlB
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DISJOINTNESS VS. INDEPENDENCE

Let (2, F, P) be a probability model and A, B € F have non-zero
probabilities.

m A )} B if they are disjoint
m A 1L B then they are not disjoint

ANB=0 = 0=P(ANB)#PAPB)>0 = AL B

ALB = P(ANB)=P(A)PB)>0 = ANB#£0
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INVARIANCE OF PROBABILITY

Let (92, F, P) be a probability model and A L B. Then

P(B|A) = P(B) and P(A|B) = P(A)

By factorization
P(AN B) = P(A)P(B|A) = P(A)P(B)
By independence
P(AN B) = P(A)P(B)

Hence

P(B|A) = P(B)
Similarly

P(A|B) = P(A)
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DEFINITION (CONDITIONAL INDEPENDENCE)

Let (2, F, P) be a probability model and A, B, C' € F have non-zero
probabilities. By definition, A and B are conditionally independent
given C' if

P(AN B|C) = P(A|C)P(B|C)

Conditional independence is denoted by

ALB|C
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INVARIANCE OF CONDITIONAL PROBABILITY

Let (92, F, P) be a probability model and A L B | C. Then

P(A|C) = P(A|BNC) and P(B|C) = P(B|ANC)

By factorization
P(ANB|C)=P(A|BNC)P(B|C)
By conditional independence
P(ANB|C) = P(A|C)P(B|C)

Hence
P(A|C)=P(AIBNC(C)

Similarly
P(B|C)=P(B|ANC)
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EXAMPLE (1.20 INDEPENDENCE # CI)

For 2 tosses of a fair coin, define events H; = {toss i is a head}
and D = {2 tosses have different results}.

m H 1 Hy
1 11
P(HlﬂHQ):—:——:P(Hl)P(HQ)
4 22
m H ) Ho | D
11
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ExXAMPLE (1.21 CI # INDEPENDENCE)

The probability of head is 0.99 for a blue coin and 0.01 for a red coin.
We choose one coin with equal probability, and toss the coin twice.
Define H; = {toss i is a head} and B = {blue coin is chosen}.

|| H1 A H2 | B

m Hy J H
P(H)) = P(IH|B)P(B) + PU|B)P(BY) = § = P()
P(HlﬂHg) :P(HlﬂHgﬂB)—{—P(HlﬂHgﬂBc)
— P(H, N Hy|B)P(B) + P(Hy N Hy|B*)P(B°)
# P(H1)P(Hs)
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DEFINITION (JOINT INDEPENDENCE)

Let Aq,..., A, be events. By definition, they are jointly indepen-
dent if and only if

P (ﬂ Ai) = [[ P(4)
ies ies

holds for every S C {1,...,n}.

In particular, joint independence implies joint factorization

p <ﬂ Ai> =[] P(A)
i=1 i=1
and pair-wise factorization
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EXAMPLE (1.22 PAIR-WISE # JOINT FACTORIZATION)

For 2 tosses of a fair coin, define H; = {toss i is head} and D =
{2 tosses have different results}. We have

P(Hy) = 3 = P(Hy) = P(D)

m Pair-wise factorization holds

P(Hy N Hy) = i = %%:P(Hl)P(Hz)
P(H,N D) = i _ %% — P(H)P(D)
P(H,ND) = ; = 5 = = P(H;)P(D)

m Joint factorization does not hold
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EXAMPLE (1.23 JOINT # PAIR-WISE FACTORIZATION)

For 2 rolls of a fair dice, define A = {first roll is 1, 2, or 3}, B =
{first roll is 3, 4, or 5} and C' = {sum of the rolls is 9}. We have
1 1 1
P(A)=—-, P(B)=—-, P = —
(4)=3, P(B)=3, P(C)=3
m Joint factorization holds
PAnBnC) =~ =111 poypmyP(C)
36 229
m Pair-wise factorization does not hold
1 1
P(ANB) =+ 7& Ll payp)
1 1
P(ANC -~ — = P(AP(C
(AnC) = 36 # 3% = PIA)P(C)
11
P(BNC) = 7’5552 P(B)P(C)
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A computer network connects two nodes A and B through nodes
C, D, E, F. For every pair of directly connected nodes, say i and 7,
there is a given probability p;; that the link from ¢ to j is up. It is
assumed that link failures are independent of each other. What is
the probability that there is a path from A to B without link failures?

V.

For the connectivity between A and B, the network is equivalent to
a network with just one link.
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.%.

Series Connection Parallel Connection

(b)

m Two links in series can be replaced by an equivalent link. Since
the equivalent link is up if and only if both links are up, the
probabilities of being up are related by

r=Dpq

m Two links in parallel can be replaced by an equivalent link. Since
the equivalent link is down if and only if both links are down,
the probabilities of being up are related by

l—-r=(01-p)(1-4q)

That is
r=p+qg—pq
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INDEPENDENT TRIALS

A random experiment may consist of a sequence of independent
stages called independent trials.

A trial of two possible outcomes is a Bernoulli trial. The following
diagram is an experiment consisting of a sequence of 3 independent
and identical Bernoulli trials with outcomes {H,T'}.

HHH  Prob = p3
HHT  Prob = p(1 - p)
HTH  Prob=p2(1-p)

HTT  Prob=p(1-p)2
THH  Prob=p(1-p)
THT  Prob=p(1 - p)2

TTH  Prob=p(1-p)?

TTT Prob=(1-p)3
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EXAMPLE (BINOMIAL)

Consider an experiment that consists of n tosses of a coin with head
probability p. What is the probability of event By, = {k heads}?

B, consists of the length-n sequences with & heads. Every sequence
in By, has probability p’“(l—p)”*k. Denote the number of sequences

in By, by <Z> We have

P(By) = (’;) -t

n

We will decide (k

) by the counting principles shortly.
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An internet service provider has installed ¢ modems to serve n dialup
customers. It is estimated that at a given time, each customer needs
a connection with probability p, independent of the other customers.
What is the probability that there are more customers needing a
connection than there are modems?

Let Bx = {k customers need connection}. Then
n
U B
k=c+1

and

Z P(By) _I—ZPBk

k=c+1
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COUnting
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COUNTING PRINCIPLES

m Suppose there are 2 stages to
complete a task, m ways for
stage 1 and n ways for stage
2. Then the number of ways
to complete the task is m - n.

Leaves

m Suppose there are 2 options
to complete a task, m ways
for option 1 and n ways for

ny ny ng ny

option 2. Then the number IChoices ChoiceslChoicesIChoicesI

|
of ways to complete the task "Stage 1 Stage 2 ‘Stage 3 Stage 4 '

is m—+ n.
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A local telephone number is a 7-digit sequence, but the first digit
cannot be 0 or 1. How many possible telephone numbers are there?

The task of forming a local telephone number can be completed in 7
stages. In stage ¢, a digit is selected for position . By the counting
principle, the number of possible telephone numbers is

N = (8)(10)--- (10) = 8 x 10°
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EXAMPLE (1.27)

Let S be a set with n members
S ={s1,...,8n}

In how many possible ways can we form a subset of S?

The task of forming a subset of S can be completed in n stages. In
stage 7, the decision to include s; or not is made. By the counting
principle, the number of possible subsets is

N=(2)-(2)=2"
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PERMUTATION

The number of ways we can arrange a sequence of k objects selected
from n distinct objects is called (n, k)-permutation.

A sequence of k objects has k positions. An (n, k)-permutation
can be completed in k stages. In stage ¢, a not-yet-selected object
for position ¢ is selected. By the counting principle, the number of
arrangements in (n, k)-permutation is

n!

PZ:(n)(“—l)'“("—k+1):m
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EXAMPLE (1.28)

How many possible 4-letter words are there without any repeated
letter?

A 4-letter word has 4 positions. The task of forming a 4-letter
word without any repeated letter can be completed in 4 stages,
each selecting a new letter for the next position. This is an (n, k)-
permutation with n = 26 and k£ = 4. Hence

26!
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You have n; classical music CDs, ns rock music CDs, and n3 country
music CDs. In how many possible ways can you arrange them so
that the CDs of the same type are contiguous?

The overall task can be completed in 4 stages. The first 3 stages
arrange classical music CDs, rock music CDs, and country music
CDs. For music type i, there are (n;, n;)-permutation with pji = n;!
ways. Stage 4 is to arrange the order of the music types, which is
an (3, 3)-permutation with p3 = 3! ways. Hence

N = nl'nQ'ng'B'
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COMBINATION

The number of ways we can select k objects from n distinct objects
is called (n, k)-combination.

Consider the (n, k)-permutation task again. It can be completed in
2 stages: an (n, k)-combination followed by a (k, k)-permutation.

Denote the number of ways in (n, k)-combination by Z . By

counting principle

Hence
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The members of a club are selected from a group of n persons. It
must have a leader and it may have additional members. In how
many possible ways can such a club be formed?

m There are n options for the number of club members, 1 to n.
For each option, the task of forming a club can be completed
in 2 stages: select the members and then select a leader among
them. By counting principle

i) ) en 6

m Alternatively, the task of forming a club can also be completed
in 2 stages: select a leader and then select additional members.
We have

N =n2"!
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The number of ways we can partition n distinct objects into r distinct
groups of sizes ny,...,n, is called (n,r, ny..)-partition.

(n,7,m1.,)-partition can be completed in r stages. Stage i is (n —
(ny + -+ 4+ nij_1),n;)-combination. Denote the number of ways in

(n,r,n1.)-partition by . By counting principle
Nyy.woy Ny
n . n n—mni n—mp—--—Npr_q
NYyenn, Ny ny 9 1,
n!
nglngl. . n,!

Note (n, k)-combination is a special case of (n, r, n1.,)-partition with

r=2 n =%k n=n—=%k
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In how many ways can we form a word by rearranging the letters in
the word TATTOO?

A re-arrangement of the letters corresponds to allocating 6 positions
into 3 groups of sizes 1,2,3 for letters A, O, T respectively. There-
fore, it is (6,3, (1,2, 3))-partition. The number of ways is

6 6!
N = (1,2,3) © 112131
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Four graduate students and 12 undergraduate students are divided
into four groups of four students. What is the probability that every
group includes a graduate student?

The task of forming 4 groups of 4 students is a partition with

16 16!
No = (4,4,4,4) = paaral

The task of forming 4 groups of 4 students and each group includes a
graduate student can be completed in 2 stages: partition of 4 grad-
uate students followed by partition of 12 undergraduate students.

N— 4 12 42
~\1,1,1,1) \3,3,3,3)  3!313!13!

The probability is Nﬂo
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SUMMARY 1

Basic set operations: intersection, union, complementation

Probability model

(€, F, P)
Conditional probability
_ P(ANnB)
P(A|B) = W

Independence

P(AN B) = P(A)P(B)
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SUMMARY 2

Probability of set union (inclusion-exclusion principle)
p (U Ai> => P(A) = > PANA)+...

+(-11P(() 4)

Factorization (probability of joint event)

n

P <ﬁ Az) = P(Al) H P(Ak|A1 Me--- ﬂAk_l)
=1

k=2
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SUMMARY 3

7~

Total probability theorem

=Y P(BN4) ZP P(B|A;)

Bayes rule
P(A;)P(B|A
;P(Ai)P(BVli)
Counting

N=nx---xng, N=ny+---+ng
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